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Abstract
A geometrical description of an elementary topological quantum field theory based on the linking
pairing is given, based on a talk given at the PIMS/Summer 1999 Workshop on invariants of 3-
manifolds and topological quantum field theories at Nakoda Lodge, Alberta, Canada.
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1. Introduction
The goal of this note is to define a topological quantum field theory (tqft) in dimension 3
and to describe it explicitly in terms of familiar topological invariants. Tqfts were
introduced in 1988 by Witten [12], using Feynman path integrals, who discovered an
intimate relationship between the Jones polynomial and gauge theory. Roughly speaking, a
tqft can be described as a functor from the category of oriented cobordisms to the category
of vector spaces. Here the tqft in question is elementary: it depends on a quadratic form
q :G→ Q/Z on a finite Abelian group and is topologically determined by homotopical
invariants (Betti numbers and certain linking pairings). Precisely because of its elementary
nature, the tqft can be expressed intrinsically.
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This work is the natural continuation of our study of the invariant τ in [3,4,6]. A certain
degree of familiarity with those papers will be helpful, notably in Section 3 and Section 4
and the proof of Theorem 2, but most of (the ideas in) this note can be read independently.
Plan of the paper. First, we give a reasonably self-contained account of the definition
of topological quantum field theories (tqft) (Section 2.1) and discuss the extension of
quantum invariants to tqfts (Section 2.2). Second, we proceed in Section 3 to a preliminary
description of the tqft associated to the invariant τ studied in [3]. Finally, we give an explicit
description of the tqft in terms of linking pairings and Lagrangians (Section 4).
2. Construction of tqft: Generalities
In this section, we give a brief definition of tqft, avoiding technicalities, which will be
sufficient for the purpose of this paper. However, we point out to the reader that these
technicalities are necessary for the coherence of the general theory (to encompass the most
general situations that tqft’s deal with). For further details, the reader is referred to [1,9,2].
2.1. Axioms
Following [9, III], we define a modular functor on oriented closed d-manifolds as a
covariant functor T from the category of oriented closed d-manifolds (possibly endowed
with some extra structure) to the category of finite-dimensional vector spaces, defined as
follows. To each (structure preserving) homeomorphism f :Σ → Σ ′ between oriented
closed d-manifolds, is assigned a C-linear isomorphism f# :T (Σ) → T (Σ) between
finite-dimensional vector spaces over C. The C-vector space T (Σ) is called the space of
states of Σ . The functor T is required to be multiplicative with respect to disjoint union:
if f :Σ0 → Σ ′0 and g :Σ1 → Σ ′1 are two (structure preserving) homeomorphisms, the
isomorphisms (f ∪ g)# :T (Σ0 ∪Σ1)→ T (Σ ′0 ∪Σ ′1) and f# ⊗ g# :T (Σ0)⊗ T (Σ1)→T (Σ ′0) ⊗ T (Σ ′1) obtained by applying the functor T are identified. It is required
that for any oriented closed d-manifold Σ , there is a non-degenerate bilinear pairing
dΣ :T (Σ)×T (−Σ)→C. The family of pairings {dΣ}Σ is natural with respect to disjoint
union and (structure preserving) homeomorphisms. Furthermore, T satisfies a number of
natural conditions related to disjoint union. Finally, one usually finds convenient to add a
normalization condition: T (∅)=C.
Any oriented (n + 1)-manifold M with boundary decomposed as ∂M = −A∐B is
called an oriented cobordism from A to B and is denoted (M,A,B). Here A and B are
oriented n-manifolds and −A denotes A with reversed orientation. Given two cobordisms
(M,A,B) and (N,B,C), one can glue them together along B to obtain a cobordism
from A to C. This naturally leads to the notion of cobordism category, whose objects are
oriented n-manifolds (possibly endowed with some extra structure) and whose morphisms
are equivalent classes of cobordisms. (Here the equivalence is given by isomorphisms of
cobordism, being the identity on the bases.) Composition is defined by gluing. The cylinder
A×[0,1] represents the identity. This category has an involution (orientation reversal) and
finite sums (disjoint unions).
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Fig. 1. Typical picture of a tqft (here in dimension 1 + 1).
Fig. 2. The gluing axiom.
A tqft in dimension (n + 1) with underlying modular functor T in dimension n is a
map τ which associates to each cobordism (M,Σ,Σ ′) a C-linear map τ (M) :T (Σ)→
T (Σ ′), subject to the following four axioms. The first axiom describes how τ behaves on
disjoint unions of two cobordisms M and N :
(i) Multiplicativity on disjoint union: τ (M ∪N)= τ (M)⊗ τ (N).
This axiom should be constrasted to the behaviour of homology functors. The second
axiom describes the behaviour of τ under the gluing of two cobordisms (M,Σ−,Σ+) and
(N,Σ ′−,Σ ′+) along a homeomorphism f :Σ+ → Σ ′− (preserving the extra structures).
Denote by NfM the resulting cobordism.
(ii) Gluing axiom: there exists k ∈C \ {0} such that τ (NfM)= k · τ (N) ◦ f# ◦ τ (M).
The number k depends on M , N and f . It is called the gluing anomaly of (M,N,f ).
The map f# :T (Σ+)→ T (Σ ′−) is induced by f (using the modular functor τ which is an
202 F. Deloup / Topology and its Applications 127 (2003) 199–211
integral part of the definition of τ ). If k can always be taken to be 1, then the tqft is said to
be anomaly free.
The third axiom describes how τ behaves on a (structure preserving) homeomorphism
f : (M,Σ−,Σ+)→ (N,Σ ′−,Σ ′+) of cobordisms.
(iii) Naturality axiom: the square
T (Σ−) τ(M)
(f |Σ− )#
T (Σ+)
(f |Σ+ )#
T (Σ ′−) τ(N) T (Σ ′+)
is commutative.
It is convenient to add a fourth axiom which fixes the value of τ on the cylinder:
(iv) Normalization axiom: for any closed oriented d-manifold Σ , τ (Σ × [0,1],Σ × 0,
Σ × 1)= IdT (Σ).
By definition, a tqft yields a topological invariant of (d + 1)-cobordisms (under
homeomorphisms (preserving structures) which are the identity on the bases). If M is any
oriented (d+1)-manifold,M can be seen as the cobordism (M,∅, ∂M), so τ (M) :T (∅)→
T (∂M) is determined by its value on 1 ∈ T (∅)= C. So identifying τ (M)= τ (M)(1), we
have: τ (M) ∈ T (∂M). It is easy to see from the axioms that this identification is natural
with respect to homeomorphisms and disjoint union. It is also a consequence of the axioms
that T (−Σ) = T (Σ)∗ = Hom(T (Σ),C) for any closed oriented d-manifold. If the tqft
τ is anomaly free, then τ is a functor from the category of cobordisms to the category
of vector spaces (the gluing axiom reduces to functoriality). We recover in this fashion
Atiyah’s original axiomatic presentation of tqft’s.
2.2. Extension of quantum invariants to tqfts
Given a C-valued topological invariant τ0 of closed d-manifolds, can it be extended to
a tqft in dimension d? Under two easy-to-check conditions (described below), the answer
is almost affirmative. Let us say that a weak tqft τ is the same object as a tqft, except that τ
does not necessarily satisfy the first axiom (i). A C-valued invariant τ0 of closed manifolds
is involutive if τ0(−M) = τ0(M) (bar denotes complex conjugation here). Assume that
τ0 is involutive and multiplicative under disjoint union (some authors take this to be the
definition of a quantum invariant, while others require various additional conditions). Then
there exists a unique extension τ of τ0 to a weak (anomaly free) tqft. The construction is
described in [2]. Very briefly: for a closed (d − 1)-manifold Σ , define T (Σ) to be the C-
vector space whose basis consists of all d-manifoldsM whose boundary is homeomorphic
to Σ (the homeomorphism should preserve the additional structures on Σ). Define a
bilinear pairing T (Σ)⊗ T (−Σ)→C by
〈M,N〉 = τ0(M ∪Σ N) ∈C.
Then T (Σ) is the quotient of T (Σ) by the left annihilator of 〈, 〉 which induces a non-
degenerate bilinear pairing dΣ = 〈, 〉Σ . Now if M is a cobordism between Σ1 and Σ2,
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then τ (M) :T (Σ1) → T (Σ2) is defined as follows. Let [N] be a generator of T (Σ1).
Then
τ (M)[N] = [N ∪Σ1 M] ∈ T (Σ2).
It is easy to check that τ satisfies all the axioms of a weak anomaly free tqft. However, in
general, one may require axiom (i) to hold as well as finite-dimensionality of the spaces
of states T (Σ). To this end, an additional sufficient condition is required in [9, III §4]:
each closed d-manifold Σ has a so-called splitting system with respect to τ0. Roughly
speaking, if a closed d-manifold M is obtained by gluing two manifolds N1 and N2 along
their common boundary Σ , τ0(M) can be evaluated using a finite number of closed d-
manifolds Vk ∪Σ N2, N1 ∪Σ Wk . Here Vk and Wk are d-manifolds with boundary Σ and
−Σ respectively (they form the splitting system associated to Σ). This condition seems
hard to check in practice on a candidate invariant τ0.
As a conclusion, even if there exists a universal procedure to extend quantum invariants
to tqfts, we note that the procedure is not a completely explicit one. It is difficult in general
to describe in geometrical terms what the tqft obtained from a quantum invariant looks
like.
Therefore, to describe explicitly the extension of the topological invariant of closed 3-
manifolds introduced in [3] to a full tqft, we have to resort to other techniques. We do
this in Section 3. In the next section, we give a preliminary construction, which is rather
specific to dimension 3.
3. Preliminary construction of a tqft τ in dimension 3
We will work in this section in the category of oriented 3-cobordisms with parametrized
boundaries (bases). From the Abelian quantum invariant τ described in [4], we construct a
tqft in dimension 2+1. In dimensions 2 and 3, there is a general procedure, for constructing
a tqft from a quantum topological invariant. This is done by gluing “standard” manifolds
H−,H+ to a cobordism (M,Σ−,Σ+) to obtain a closed manifold M˜ (in general equipped
with extra structure) on which we can evaluate the invariant. However, one needs to keep
track of the parametrizations used to perform the gluings. The reason why this procedure
works is that in low dimensions, we can choose canonical manifolds with prescribed
boundaries. See Fig. 3.
Let M = (M,Σ−,Σ+) be an oriented 3-cobordism. First, we treat the case when the
bases Σ− and Σ+ are connected. For each non-negative integer g, we fix an unknotted
oriented handlebody Hg of genus g, called the standard handlebody of genus g. Denote
by g− (respectively g+) the genus of Σ− (respectively Σ+). We say M has parametrized
boundaries if it is equipped with (orientation preserving) homeomorphisms f− : ∂Hg− →
Σ− and f+ : ∂Hg+ →Σ+.
Given such a 3-cobordism M , we can “fill in” the bases of M , i.e., form the closed
oriented 3-manifold M˜ =Hg− ∪f− M ∪f+Hg+ using the parametrization maps f− and f+
as gluing maps.
Each surface ∂Hg comes equipped with a set of (isotopy classes of) longitudes l1, . . . , lg
and a set of (isotopy classes of) meridians m1, . . . ,mg . Orient them in way compatible
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Fig. 3. Filling in a cobordism (here in dimension 1+ 1): M˜ =H− ∪f− M ∪f+ H+.
Fig. 4. The parametrization induces a framing on longitudes.
with the orientation of ∂Hg . That is, at the unique point x of (transversal) intersection of
mk and lk , the orientation of the direct sum of Txmk and Txlk is the same as that of Tx∂Hg .
Denote by L−1 , . . . ,L−g− (respectively by L+1 , . . . ,L+g+ ) the images f−(l1), . . . , f−(lg−) in
Σ− (respectively the images f+(l1), . . . , f+(lg+) in Σ+). The parametrizations f− and
f+ induce a framing on each L−j (1 j  g−) and L+k (1  k  g+), respectively. (Just
take the image of a parallel.) By a framing on a longitude, we mean a parallel of it, or
equivalently, a non-vanishing vector field on it. See Fig. 4 for an example when ∂M =Σ+
is an unknotted torus and the homeomorphism f+ is isotopic to a Dehn twist about the
meridian m.
Therefore, M˜ comes equipped with an oriented and framed link L = L− ∪ L+ where
L− = ⋃g−k=1 L−k and L+ = ⋃g+k=1 L+k . Thus L has g− + g+ components. Note that all
components may be linked with each other.
Let q :G → Q/Z be a quadratic form on a finite Abelian group G. We denote by
γ (G,q) the following Gauss sum
γ (G,q)= ∣∣ker bˆq ∣∣−1/2|G|−1/2∑
x∈G
e2π iq(x) ∈ {0} ∪ {z ∈C, z8 = 1}. (1)
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Let T (Σ−) (respectively T (Σ+)) be a vector space Vg− (respectively Vg+) over C
of dimension |G|g− (respectively |G|g+). Fix a base of T (Σ−) (respectively T (Σ+))
indexed by elements of Gg− (respectively of Gg+). These elements are called colors. For
c− = (c−1 , . . . , c−g−) ∈ Gg− (respectively for c+ = (c+1 , . . . , c+g+) ∈ Gg+ , we define a 1-
cycle in Σ− (respectively in Σ+) with coefficients in G by θˆ− =∑k c−k ⊗L−k (respectively
by θˆ+ =∑k c+k ⊗ L+k ). We use the same notation for those 1-cycles viewed in M˜ . We set
θˆ = θˆ+− θˆ− (a 1-cycle in M˜). If we need to emphasize that θˆ depends on the colors chosen,
we write θˆc−,c+ instead of θˆ .
We now recall the quantum topological invariant τ of links in oriented closed 3-
manifolds introduced in [4]. By a surgery presentation of (M˜,L), we mean a pair (J, J ′)
of disjoint oriented and framed links in S3 such that
• J = J1 ∪ · · · ∪ Jm is the surgery link: M is obtained from S3 \ J by gluing m solid
tori, sending each meridian to the surgery curve determined by the framing on each
component Jk of J .
• J ′ = Jm+1 ∪ · · · ∪ Jm+n (n= g+ + g−) yields the link L in M after the surgery on J
is performed.
We denote by A = (ajk)1j,km+n the linking matrix of J ∪ J ′, that is, the (m + n) ×
(m+ n) matrix of integers defined as follows: ajk = lk(Jj , Jk) is the linking number of
Jj and Jk in S3 if j = k and ajj is the framing number of Jj . Denote by AJ the m×m
submatrix of A given by AJ = (ajk)1j,km. Let σ(J ) denote the signature of (the real
symmetric bilinear form induced by) AJ .
Assume that γ (G,q) = 0 (a condition always satisfied if q is non-degenerate). Let
c= (c+,−c−) ∈Gg++g− =Gn. We define
τ
(
M˜,L;G,q, c) = γ (G,q)−σ(L′)(|G|∣∣ker bˆq ∣∣)−m/2
×
∑
(x1,...,xm)∈Gm
e
2π i(q⊗A)(x1,...,xm,c+1 ,...,c+g+ ,−c−1 ,...,−cg− ). (2)
(The tensor product q ⊗A is defined in [4].) In this setting, Theorem 1 in [4] reads:
Theorem 1. The number τ (M˜,L;G,q, c) is a topological invariant of the pair (M˜, θˆc−,c+).
Therefore we denote it by τ (M˜, θˆc−,c+;q) in the sequel. Each choice of colors c+, c−
gives rise to a framed 1-cycle θˆc−,c+ . We are now ready to define the C-linear map
τ (M) = τ (M,Σ−,Σ+) :T (Σ−)→ T (Σ+) in matrix form, i.e., τ (M) = (τc−,c+) c−∈Gg−
c+∈Gg+
as follows
τc−,c+ = |G|−g+/2 · τ
(
M˜, θˆc−,c+;q
)
. (3)
Now we treat the case when M has possibly non-connected bases. Instead of having
one genus for the bottom base and one genus for the top base, we have multiple genera
g−1 , . . . , g−r− for the bottom base Σ− and g
+
1 , . . . , g
+
r+ for the top base Σ+. Here r−, r+
denote the number of components of Σ−,Σ+ respectively. We set T (Σ−) =⊗r−k=1 Vg−k ,
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T (Σ+)=⊗r+k=1 Vg+k . As above, we present τ as a matrix τc−,c+ . Now c− ∈Gg−1 × · · · ×
G
g−r− , i.e., runs over sequences c−1 ∈ Gg1
−
, . . . , c−r− ∈ Gg
−
r− and c+ ∈ Gg+1 × · · · ×Gg+r+ ,
i.e., runs over sequences c−1 ∈ Gg
+
1 , . . . , c+r+ ∈ Gg
+
r+
. We fill in the bases of M in the
same way as above, using the parametrizations for each connected component of Σ−
and Σ+, respectively. Call M˜ the resulting closed oriented 3-manifold. As before, M˜
comes equipped with an oriented and framed link L = L− ∪ L+, the only difference
being that now L− is a link with
∑
1jr− g
−
j components and L+ is a link with∑
1jr− g
−
j components. Fix indices c−, c+. Each component of Σ− (respectively of
Σ+) will contribute a 1-cycle in M˜ with coefficients in G as above; call θˆ− (respectively
θˆ+) the sum of these 1-cycles. As before, set θˆ = θˆ+ − θˆ−. Then we define
τc−,c+ = |G|−
1
2
∑
1jr+ g
+
j · τ (M˜, θˆc−,c+;q). (4)
Theorem 2. The assignment τ : (M,Σ−,Σ+) → τ (M) defines a tqft in dimension 2+ 1.
Proof (Sketch). Verification of the axioms (i), (iii) and (iv) is straightforward from the
definition of τ in [4]. The only contribution of τ which does not behave multiplicatively
(with respect to the gluing axiom (iii)) is a finite Gauss sum γ (G,q)−σ(L) where σ(L) is
the signature of the linking matrix of the surgery link J in S3 as above. On the other hand,
−σ(L) can be seen as the signature of a smooth simply-connected 4-manifold X bounded
by M˜ (it is the 4-manifold obtained from the 4-ball B4 by attaching 2-handles along the
components of the surgery link J ⊂ S3 = ∂B4); therefore the gluing axiom (iii) can be
checked using Wall’s signature formula [11]. (The anomaly can be expressed as a certain
Leray–Maslov index modulo 8.) ✷
This presentation, specific to dimension 3, is not completely intrinsic, in the sense that
we had to resort to M˜ in order to define τ (M). In other words, τ (M) is computed inside
the closed 3-manifold M˜ rather than inside M .
4. An explicit construction of τ
Let M = (M,Σ−,Σ+) be a connected compact oriented 3-cobordism. As Σ− is a
closed 2-manifold,H1(Σ−) carries an antisymmetric bilinear pairing, which can be defined
using Poincaré duality and the cup product in cohomology:
H 1(Σ−)×H 1(Σ−)→ Z.
Similarly for Σ+. Therefore, there is a well defined notion of isotropic subgroups and
Lagrangians in H1(Σ−) and H1(Σ+), respectively. For example, recall the definition of a
Lagrangian in H1(Σ−). Let A be a subgroup of H1(Σ−). First define the orthogonal A⊥
of A by A⊥ = {h ∈ H1(Σ−), h · A = 0} where dot denotes the antisymmetric pairing on
H1(Σ−). We say that A is totally isotropic if A⊂ A⊥; we say that A is a Lagrangian of
H1(Σ−) if A is a maximal totally isotropic subgroup, that is, if A = A⊥. Clearly, if A
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is Lagrangian then A contains H1(Σ−)⊥ which may be non-trivial as the pairing may be
degenerate.
We shall assume that M is equipped with distinguished framed 1-cyclesL−1 , . . . ,L−g− ⊂
Σ− and L+1 , . . . ,L+g+ ⊂Σ+, respectively, generating Lagrangians λ− and λ+ in H1(Σ−)
and H1(Σ+). Furthermore, we fix Lagrangians λ′− ⊂H1(Σ−) and λ′+ ⊂H1(Σ+) such that
λ− ⊕ λ′− =H1(Σ−), λ+ ⊕ λ′+ =H1(Σ+).
We say that the framed cycles and Lagrangians above form a parametrized Lagrangian
structure of M . Note that, as Σ− and Σ+ are disjoint,
λ= λ− ⊕ λ+ and λ′ = λ′− ⊕ λ′+ (5)
are complimentary Lagrangians of H1(∂M)=H1(−Σ−)⊕H1(Σ+).
Lemma 1. Let A be an Abelian group equipped with an antisymmetric bilinear pairing and
let λ⊂A be a Lagrangian. Then there exists a Lagrangian λ′ ⊂A such that λ⊕ λ′ =A.
Example. If A=H1(Σ) where Σ is a parametrized closed connected surface in ∂M such
that λ is generated by the images of longitudes, then we can simply take λ′ to be the
subgroup generated by images of meridians.
Remark. The pairing is not assumed to be non-degenerate in Lemma 1.
Proof. Choose a totally isotropic subgroup λ′, maximal among those with the property
that λ ∩ λ′ = 0. Then λ + λ′⊥ = λ⊥ + λ′⊥ = (λ ∩ λ′)⊥ = A. By definition, λ′ ⊂ λ′⊥. To
show the reverse inclusion, assume that there is x ∈ λ′⊥ such that x /∈ λ′. Then the subgroup
generated by λ′ and x is totally isotropic (because λ′⊥ ⊂ λ′⊥⊥) and does not intersect λ
non-trivially. Thus λ′ is not maximal. ✷
Lemma 2. Any connected oriented 3-cobordism (M,Σ−,Σ+) can be equipped with a
parametrized Lagrangian structure.
Proof. The existence of Lagrangians is clear from the discussion above and Lemma 1.
Choose systems of generators for the Lagrangians and then 1-cycle representatives.
Choosing a framing for a cycle c ∈Σ+ amounts to choosing a section of the normal bundle
to c in Σ+, which is always possible in this dimension (1). ✷
As in the previous section, we have at our disposal a finite Abelian group G (equipped
with a quadratic form q). Denote by A− (respectively A+) the free Abelian group
generated byL−1 , . . . ,L−g− (respectively byL+1 , . . . ,L+g+ ). We define T (Σ−)=C[G⊗A−]
and T (Σ+)=C[G⊗A+]. Simply put, elements in T (Σ−) are formal combinations with
coefficients in C of elements in G⊗ A−. As vector spaces over C, T (Σ−) and T (Σ+)
have dimension |G|g− and |G|g+ , respectively. (The algebra structure will not be used.)
In the remainder of this section, we denote by i∗ inclusion homomorphisms. The context
should make clear which inclusion we are referring to. Recall that any closed oriented
3-manifold M carries a non-degenerate symmetric bilinear pairing LM : TorsH1(M) ×
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TorsH1(M) → Q/Z defined by LM(x, y) = x˜ · y ∈ Q/Z, where x˜ ∈ H1(M;Q/Z) is a
lift of x . If M is not closed, one can still define a symmetric bilinear pairing as follows.
Because λ′ is a Lagrangian of H1(∂M), the torsion subgroup of H1(M)/i∗(λ′) carries a
non-degenerate symmetric bilinear pairing, which we denote also LM . For example, see
[8, §6] for a proof of this well-known fact.
The quadratic form q on G gives rise to a symmetric bilinear pairing bq :G×G→Q/Z
by the formula bq(x, y)= q(x + y)− q(x)− q(y), x, y ∈G. To the two non-degenerate
pairings bq :G × G → Q/Z and LM : Tors(H1(M)/i∗(λ′)) × Tors(H1(M)/i∗(λ′)) →
Q/Z, we can associate a characteristic element χ ∈G⊗Tors(H1(M)/i∗(λ′)) by [4, §1.3].
χ is of order dividing 2 and is zero if the order of G or Tors(H1(M)/i∗(λ′)) is odd. See [4]
for details.
We now proceed to the definition of τ (M) :C[G⊗ A−] → C[G⊗ A+]. Since τ (M)
is linear, it suffices to describe the action of τ (M) on the elements of the basis, that
is, on elements in G ⊗ A−. By definition, an element xˆ ∈ G ⊗ A− can be written as
xˆ =∑k gk ⊗L−k . We define
H(x)= {yˆ ∈G⊗A+, i∗(y)− i∗(x)= χ}.
In other words, a 1-cycle yˆ ∈G⊗A+ can be considered to be an element in H(x) if and
only if when it is deformed so that it lies in M , the cycles yˆ and xˆ are homologous to the
characteristic element χ ∈G⊗H1(M)/i∗(λ′). If yˆ ∈H(x), we denote by χˆxy the 1-cycle
i∗yˆ − i∗xˆ in M (with coefficients in G), which is a cycle representating χ .
An even presentation (V ,f ) of (G,q) (cf. [4]) consists of a resolution of G
0 V fˆ V ∗ G 0
with the following properties:
(1) V is a finitely generated free Abelian group and V ∗ = Hom(V ,Z).
(2) fˆ :V → V ∗ is the adjoint map of a symmetric bilinear pairing f :V × V → Z
satisfying f (v, v)= 0 mod 2 for all v ∈ V . (Such a pairing is called an even pairing.)
To describe the last property, let fQ : (V ⊗ Q)2 → Q be the rational extension of f
and let fˆQ :V ⊗ Q→ Hom(V ⊗ Q,Q) be the adjoint map. Define a symmetric bilinear
pairing bf :V ∗ ×V ∗ →Q by bf (x, y)= fQ(fˆ−1Q (x), fˆ−1Q (y)). Since fˆ is injective, fˆQ is
bijective and hence bf is well-defined. We now state the third property:
(3) The pairing bf induces a map G×G→Q/Z such that q(x)= 12bf (x, x) mod 1.
In fact, (2) is equivalent to (3) for the right-hand side of the equality in (3) is well
defined if and only if f is even. Hence, if (V ,f ) is an even presentation of (G,q), q can
be reconstructed from f by the formula above. Conversely, any (homogeneous) quadratic
form q :G→Q/Z has such an even presentation [10].
Once an even presentation (V ,f ) for (G,q) is fixed, we find it convenient in the sequel
to adopt the following notation. A tilde will always denote a fixed lift with respect to the
projection V ∗ →G (i.e., a set-theoretic section). Hence χ˜ ∈ V ∗ ⊗H1(M)/λ′ is obtained
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from χ by lifting the coefficients that lie in G to V ∗. Similarly, χ˜xy is the 1-cycle obtained
from χxy by lifting the coefficients that lie G to V ∗ of the cycle χ̂xy (using the same lift).
Let qM be any quadratic form over LM . Set
C
(
M,λ′; χ˜) = γ (V ⊗ Tors(H1(M)/i∗(λ′)), f ⊗ qM + (1V ∗ ⊗ L̂M)(χ˜))
×
( |G⊗ (H1(M)/i∗(λ′))|
|G⊗ λ′+|
)1/2
.
Recall that lk denotes linking number (for cycles representing torsion elements in H1(M)).
Define
τ (M)xˆ = C(M,λ′; χ˜) ∑
yˆ∈H(x)
exp
(
iπ
(
bf ⊗ lk)(χ˜xy))yˆ. (6)
Lemma 3. The map τ (M) defined by the formula above is independent of the choice of
qM over LM and independent of the choice of the lift over G. In particular, τ (M) does not
depend on the even presentation (V ,f ) of (G,q).
Proof. First, since (f ⊗ qM)(u ⊗ v) = 12f (u,u) · LM(v, v) (because f is even), the
formula above only depends on LM , rather than qM . Secondly, if χ˜ and χ˜ ′ are two
lifts of χ , then χ˜ − χ˜ ′ ∈ ker(1V ∗ ⊗ L˜M). Thus C(M,λ′; χ˜) = C(M,λ′; χ˜ ′). Similarly
a change of lift only affects the coefficients of χ˜xy by adding elements in the image of
fˆ :V → V ∗. Hence, by definition of bf and since f is even, a change of lift does not
affect (bf ⊗ lk)(χ˜xy) modulo 2. Thus τ (M) is invariant under a change of lift, which is
the desired result. ✷
We now state our main result.
Theorem 3. The assignment (M,Σ−,Σ+) → τ (M) defines a tqft in dimension 3. If the
choice of Lagrangians is induced by parametrizations of the boundaries, then τ coincides
with the tqft described in Theorem 2, Section 3.
Proof. First, we work in the category of oriented 3-cobordisms with parametrized
boundaries. For simplicity, we shall assume that all boundaries are connected, leaving
to the reader the modifications for the general case. Theorem 1 provides us with a
tqft τ , which to a 3-cobordism (M,Σ−,Σ+) associates a C-linear map τ (M) :T (Σ−)→
T (Σ+). The vector space T (Σ−) can be identified to C[G⊗A−] once its basis is chosen
to consist of elements of G⊗A−. Similarly for T (Σ+). We now have to identify the map
itself. First, we identify H1(M˜). Recall that M˜ is the closed 3-manifold obtained by gluing
to M two handlebodies of genus g− and g+ respectively whose boundaries coincide with
Σ− and Σ+ respectively. Let λ′− be the Lagrangian of H1(Σ−) generated in homology by
f−(m1), . . . , f−(mg−) (the images in Σ− of the meridians of the standard handlebody of
genus g− under the parametrization f−). Similarly, let λ′+ be the Lagrangian of H1(Σ+)
generated in homology by f+(m1), . . . , f+(mg+) (the images in Σ+ of the meridians of
the standard handlebody of genus g+ under the parametrization f+). Then λ′ = λ′− ⊕ λ′+
is a Lagrangian in H1(∂M) = H1(−Σ−)⊕ H1(Σ+). A Mayer–Vietoris argument shows
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that H1(M˜) = H1(M)/i∗(λ′). So the linking pairing on the torsion subgroup of H1(M˜)
can be considered to be a pairing on the torsion subgroup of H1(M)/i∗(λ′). For the same
reason, the 1-cycle θ in M˜ with coefficients in G can be viewed as a 1-cycle in M such
that θ ∈G⊗ H1(M)/i∗(λ′). Consider formula (3). We apply [4, Corollary 3.2] and find
that
τ
(
M˜, θˆ;q) = eiπ(bf⊗lk)(ηˆ) · γ (V ⊗ TorsH1(M˜), 12f ⊗LM˜
+ (1V ∗ ⊗ L̂M˜)(η)) · ∣∣H 1(M;G)∣∣1/2
= eiπ(bf⊗lk)(ηˆ) · γ (V ⊗ TorsH1(M)/i∗(λ′), 12f ⊗LM
+ (1V ∗ ⊗ L̂M)(η)) · ∣∣G⊗H1(M)/i∗(λ′)∣∣1/2.
Here ηˆ is a 1-cycle obtained by lifting the coefficients of θˆ to V ∗. According to [4,
Theorem 4], the quantity above is nonzero if and only if θ is the characteristic element
in G ⊗ H1(M˜) = G ⊗ H1(M)/i∗(λ′) (associated to bq and LM), which we denote by
χ . Recall now that θ depends on the colors and therefore on both elements chosen in
G⊗A− and in G⊗A+ respectively, namely θ = θ+ − θ−. Viewing θˆ as a 1-cycle in M ,
we can rewrite θˆ = i∗(yˆ)− i∗(xˆ) = χ̂xy , with xˆ ∈G⊗ A− and yˆ ∈G⊗ A+. The factor
|G⊗ λ′+|−1/2 is clearly equal to |G|−g+/2. Thus, evaluating τ on an element x ∈G⊗A−,
we obtain exactly formula (6). At this stage, it is clear that our verification depends on
the parametrizations of boundaries only to the extent of distinguishing framed cycles
and Lagrangians, i.e., of inducing a Lagrangian structure. Conversely, any Lagrangian in
H1(Σ−) can be realized as the image (f−)∗(L) of a fixed Lagrangian L in H1(Σ) where
Σ is a fixed surface parametrizing Σ− (by f−). Similarly for Lagrangians of H1(Σ+).
(Here we use the fact that the Lagrangians are integral.) This finishes the proof. ✷
Remark. In fact, a direct verification (without appealing to parametrizations) of the gluing
axiom for the tqft τ seems possible and should lead to tqfts in higher dimensions. This is
currently investigated in [5].
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